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Abstract: Nonlinear racks, noncircular gears and chain rings are special and rare machine parts. The 
rarity can be explained by the complicated evaluation process of these gears. This introduced project, 
a numerical method were determined and applied in a computer program, which makes this process 
easier and faster. The main concepts of the numerical method and the functionality of our software 
will be shortly presented through some special examples. 
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Introduction 

In most cases, general gears defined by basic parameter (module, cog count etc.) are 
manufactured by special machines [1, 2]. The complicated surfaces of the gears are 
automatically generated, thus no accurate model is needed. Gear modelling software 
modules integrated in CAD systems do not reproduce the accurate geometry, as they do not 
follow the principle of the shear cutting (see Figure 1). These modules serve mostly just to 
visualize the gears. 

Figure 1. The illustration of gear pump CAD model and the manufactured gear 

 Recently various CNC technologies came to the front, which are suitable also to 
manufacture gears, like cutting with laser or water, wire-spark cutting, CNC milling, 3D 
printing [5]. Contrary to the traditional manufacturing methods, these modern technologies 
need a precise geometry of the cogwheel. Creating these geometric models of the 
noncircular gears is usually a slow and difficult process. These machine parts are very rare 
in the industrial usage, which does not mean that there is no need for them. In many cases, 
complex mechanisms can be replaced by a single pair of noncircular gear. The reason they 
are rare, is that their definition is complex and time consuming.  
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 Our main goal was to create a fast and user-friendly software, which can generate a 
large variety of gear geometry, based on the simulation the rolling of the gears. The method 
is worked out to calculate noncircular gears, noncircular chain-rings or nonlinear racks 
(Figure 2 [7]) based on the function of transmission. 
 

 
 

Figure 2. Non-circular gears, non-circular chain-ring and non-linear rack 
 
A non-circular gear can be build up as follows. First, the cog profile must be defined, and 
then a circular tool-gear must be evaluated. This can be used to generate the non-circular 
gear after the main curve is defined based on the function of transmission. In the next 
sections, these methods are presented in details. 
 
1.1. Rolling a line on a convex curve 
 
The circular tool-gear can be generated by rolling a line (the rack) on a circle. Its 
generalized method is presented here. A steady x–y and a rolling ξ–η coordinate systems are 
defined. The fp convex rolling curve is given in the x–y system. The rolling line is defined 
by the ξ axis on which the predefined fq  cog profiles placed. 
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(1.2) 

 
 In the (1.1), (1.2) equations the p and q are independent parameters, xpr is the profile 
displacement. 
 The rolling is implemented by using finite numbers of transformations of the ξ–η 
coordinate system. The transformation can be divided into three steps (Figure 3): 
 

 
 

 
 

Figure 3. The steps of the transformation and the resultant set of lines 
 

− Offset in the direction of axis ξ with (–s), where s is the rolled length. 
− Rotation with α around the centre of ξ–η, where α is the angle of the tangent in the 

current point. 
− Offset of the centre of ξ–η into the current point. 
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 These operations are achieved by the following expression. 
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     (1.7) 

 

 For the numeric solution the p and q parameters are not continuous. The fp and fq 
represent the curves not as a function, but as an array of point coordinates. 
 The result of the transformations is a set of lines (Figure 3). The inside contour gives the 
geometry of the gear. The details of the contour finding algorithm are presented later [6]. 
 
1.2. Rolling a circle on an curve 
 
The determined tool-gear can be used to generate concave gears as well. The radius of this 
circle cannot be larger than the smallest concave radius of the fp  rolling curve. The concept 
of the previous section are used, however, the transformation of the ξ–η system consist of 
two main steps (Figure 4): 

− Rotation with (φ = α + ϕ) around the centre of ξ–η, where α is the angle of the 
tangent in the current point and φ(p) = s(p)/r is the angle of the rolling rotation of 
the tool-gear. 

− Offset of the centre of ξ–η into an offset Pm point. 
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r is the radius of the rolling circle in ξ–η. 
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Figure 4. Steps of the rolling of the tool-gear  

on the rolling curve and the resultant set of lines 
 
 With these two methods we can place general cog-profile even on concave rolling 
curves. The generation of the rolling curves for a given function of transmission is 
presented in the next section [6]. 
 
1.3. Rolling curves 
 
The rolling curves of a pair of noncircular gears which have fixed axis distance can be 
defined by the a axis distance, which is the sum of the working radii a = r1 + r2 and 
function of transmission, which is given by 

           1 1

2 2
i ,

ω ∂ϕ
= =
ω ∂ϕ

         (1.10) 

where iω  is the angular velocity, iϕ  is the angle position of the ith  gears. In  
Figure 5. Figure 6. a) kinematic chain of the rolling of two non-circular gears is presented. 
The contact point is placed between the axes. The gears have the same velocity vector in 
this point, so: 

             1 1 2 2r r .ω = ω          (1.11) 

Hence, the transmission can be defined by the working radii and/or the axis distance: 
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Rearranging Eq (4.3), the first rolling curve in polar coordinate system can be define as 

             1 1
1

ar ( )
i( ) 1

ϕ =
ϕ +

         (1.13) 

and the rolling curve of the second gear can be defined as 

              2 2 1 1 1 1r ( ( )) r ( )i( ).ϕ ϕ = ϕ ϕ        (1.14) 
 

 
 

Figure 5. a) Sketch for the evaluation of the curves b) apairs of rolling curves 
 

b) 

a) 

b) 
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1.4. Standard cog profile 
 
The analytic definition of the standard cog profile is a quite complicated issue. It contains 
six different curves with different equations (4 lines and 2 arcs) (Figure 6–7). 

 
Figure 6. The standard tool rack of a circular cogwheel [5][8] 

 
 It is much easier to define just one single period of the profile and then with an 
algorithm we can make a pattern of it. 
 Each line entity is defined by two points. The arcs of the profile shape can also be 
defined by points with a given resolution, so it will contain more short lines. 

        1x 2x
p
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0 f i i
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h C ha C i i
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       (1.15) 

 
 The i1x, i1y, i2x and i2y vectors have n (resolution) elements. These elements are produced 
by the q vector, which also have n elements. These elements are changing from 0 to 1 
uniformly. 
         q [q(1) q(2) ...q(i)... q(n)]=        (1.16) 

            iq(i)
n

=           (1.17) 

              x1 x1 x1 x1 x1i [i (1) i (2) ...i (i)... i (n)]=       (1.18) 
 
The arcs (Figure 7) are defined by the (5.5–8) equations. 
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Figure 7. The sketch of the profile, used for the calculation 

 
 

Figure 8. The standard profile rolled on a circle 
 
1.5. Envelope finding 
 
Based on the previous sections, a set of lines can be defined for a general concave non-
linear gear (Figure 8). To get the final geometry, we need to find the inside envelope of 
these lines. Many methods have been developed, implemented and tested, and finally an 
image based method shows the best and fastest results [4]. The essence of this method is to 
draw every high resolution raster image of the lines using the graphics card. From this 
image we can obtain the contour, pixel by pixel very rapidly by using the GPU (Figure 9). 
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Some filtering methods are also applied on the final geometry. The resolution of the applied 
image can be adjusted to the given surface tolerance of the gear surface.  
 

 
 

Figure 9. Image based contour finding presented in a very low resolution 
 
1.6. The cogal application 
 
For ease of the more convenient use, the previously reviewed computations were 
implemented in C# environment. The name of the software: CogAL, derived from 
“Cogwheel generator algorithm”. Our goal was to create an easy-to-use application for 
circular and non-circular gears and non-linear racks (Figure 10). In the next subsections, the 
four separate functions of the program will be covered. 
 

  
 

Figure 10. The menubar of the main functions 
 
Generating a circular gear 
 
This module can generate circular gears with multiple types of profiles. The standard 
profile can be defined with its main parameters (like module, contact angle etc.) (Figure 
11). Aside from the standard trapezoid profile, it is possible to define sine, chain and 
custom profiles. 
 

 
 

Figure 11. CogAl’s circular gear generator module 
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Generating non-circular gear pair, with fixed axis distance 
 
To generate this kind of gear pairs, three steps have to be taken. The first step is to define 
the rolling curves with their axis distance, and the angle positions pairs (see Figure 10 a). 
The angle positions can be defined by a function or by a CSV table. 
In the next step, the profile has to be specified similarly to the circular gear section. When 
both the profile and the lines are available, a preview image of the final geometry will be 
generated (Figure 10 b). 
 In the final step the program will find the contour of the preview shape. The final 
geometry will be generated. This geometry is available for further usage, like exporting into 
standard CAD system format or a real-time rolling test of the final gears geometries can be 
performed to check the result (Figure 11). 
 

 
Figure 12. a) Generated the rolling curves in CogAl b) Preview of the final geometry 

a) 

b) 
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Figure 13. CogAl shows the final geometry of the non-circular gear pair 

 
Generating non-circular gear-rack pair 
 
The use of this module is similar in many aspects to the previously presented module. The 
main difference is in the first step, where the position of the rack is specified as a function 
of the angular position of the cog-wheel. In this case the transmission function has length 
units and there is no need to give an axis distance (as it theoretically would be infinite in 
each case) (Figure 14).  
 

 
Figure 14. CogAl shows the final geometry of the non-linear gear-rack pair 

 
Generating a single, non-circular gear with arbitrary rolling curve 
 
This module can generate a non-circular gear with any kind of rolling curve, with standard, 
sine, chain or custom tooth profiles. The rolling curve can be defined with two parametric 
functions in Cartesian or polar coordinate systems, or by loading a CSV file that contains 
the coordinates (Figure 15). 
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Figure15. Generating a single gear with arbitrary curve by CogAl,  

using the curve of the gears shape 
 
 

1.7. Examples 
 
In this section some test applications are shown where the capability of the software and the 
validity of the results are shown. 
 In the first test, two gears with identical rolling curves were generated, which creates 
periodical pulsation in the transmission function. The functions of the angular positions 
were determined by sinusoidal functions [Figure 14 a)].  
 The second example shows a non-circular gear pair which compensates the angular 
velocity pulsation of a 45° cardan joint [Figure 14 b)]. 
 In the next model we balanced a weight on the end of an arm, using a spring and special 
rack. The weights torque changes in the axis as we move the arm. The special rack and gear 
connection between the arm and spring equals the loads, so the weight is balanced in every 
position. 
 In the least example, a two-bar open kinematic chain is created, where the linear motion 
of the end point is guaranteed by non-circular gears, which crates the proper transmission 
function between angular positions of the bars [Figure 14 d)]. 
 
 

 
 
Figure 16. a) Gears for harmonically varying transmission. b) Eliminating the angular 
velocity pulsation of the cardan joint. c) Balancing a weight with spring and special rack 

a) b) c) 
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Figure 17. Open kinematic chain with linear motion of the free end 
 
1.8. CONCLUSION 
 
In this project a software was created which is able to generate general concave non-
circular gears, based on a few parameters. The implemented numerical methods were 
analyzed and optimized to create a fast and reliable geometrical result of the generated 
cogwheel. A user friendly interface is created where only the main parameters are required 
and the additional computation is evaluated in the background. The efficiency of the 
software is represented thorough some engineering examples.  
 The program is still under development, but it is aimed that later it should be applicable 
individually, even integrated into CAD system. 
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