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Abstract: The mesoscopic mathematical model of flow in thin channel with rough walls in the 2D 
approach is proposed. The model is based on the lattice-Bolzmann numerical method. The measured 
roughness profiles were used in numerical experiments. The effect of the surface roughness upon 
leakage is shown. 
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1. Introduction

Designing of the new mechanical components and technical elements for modern
industry often states the problem of providing the desirable hermiticity of thin gaps or 
regulating the flow through thin channels. Flow pattern in such thin layers significantly 
determines total efficiency of developed machines and devices. 

Main factors, which have a great influence upon the leakage in thin channels of machine 
components, include interaction characteristics, physico-mechanical properties and 
geometry of the channel. Roughness of the channel surfaces is also one of the main factors, 
which have a great impact on leakage. 

In authors’ earlier works some numerical models of the lubrication flow in the 
immovable and moving seals with rough walls were proposed [1, 2]. The flow factors were 
offered for considering the surface roughness effect. The detailed analysis of the surface 
roughness influence upon the seal hermeticity was presented. 

But the lubrication flow model based on the common Reynolds equation is associated 
with essential restrictions on the physical features of the media and the flow patterns. For 
example it implies laminar flow with very low Reynolds numbers (Re should not surpass 
10–20). Such restrictions significantly shorten the possible range of considerable 
mechanical components, especially with moving walls.  

Present work introduces a new numerical lattice-Boltzmann model of the flow in the 
thin channels with rough walls. Accepted numerical method allows to turn to the Navier-
Stokes approach which has much less physical limitation than lubrication flow approach. 
So, proposed model allows to examine the influence of the surface roughness upon the flow 
in the thin channel in Navier-Stokes approach. 

2. Mesoscopic flow model

The geometry model of the thin channel formed by two rough surfaces h1, h2 is
presented in Figure 1. The average gap between two rough surfaces (H) is taken as the 
distance between their mean lines. Upper and lower walls has coordinates 

 xhHxH 11 )(  and  xhHxH 22 )(  . The current gap in the channel is calculated as 
   xhxhHxhT 21)(  .  
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Figure 1. Geometry model of the thin channel with rough walls 

Measured profiles of the real industrial surfaces or simulated roughness profiles with 
desirable features can be used as a surface geometry. Both profiles are always specified on 
regular grid with Δx step.  

For the lattice-Boltzman modelling the square shape numerical lattice δx = δy should be 
introduced on the channel geometry model. Numerical lattice step is considered as some 
fraction of the profile grid Δx = kδx where k is an integer value.  

The common Navier-Stokes equations are frequently used as a model of viscous flow of 
a laminar Newtonian media. For the viscous gas in vector notation they are: 

 SdivudivppgradF
dt
du  2)(

3

2
)( 






 

, 

  0 u
dt
d 

, (1) 
where u is the flow velocity, ρ is the media density, p is the pressure, µ is the media 

viscosity, S is the stress deviation tensor, F represents body forces. 
There are three traditional ways of solving the Navier-Stokes equations – finite 

difference method, finite element method and finite volume method. All traditional 
methods have some significant problems dealing with curved boundaries.  

That is why the alternative lattice methods are widely applied for the flow modelling in 
modern investigations. They use the representation of the flowing media as a composition 
of particles interacting on the discrete lattice. Implementation of the fundamental 
conservation laws, laying in the base of Navier-Stokes equation, guarantees them correct 
results. Some lattice methods deals with microscopic interactions of single particles in the 
lattice nodes. Other methods use mesoscopic approach implying the particle distributions in 
each lattice node.  
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Lattice-Boltzmann numerical method is a general lattice method based on the 

mesoscopic Boltzmann transport equation. If we consider f(r, v, t) as a particle distribution 
by particle velocity v in each r(x, y, z) point at the time moment t, the Boltzmann equation 
has a form of: 
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where Ω is the collision operator, characterizing the physical conditions of the media. In 
2D case Boltzmann equation is expanded as: 
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. (3) 
Local flow characteristics at each point are calculated by integrating of the particle 

distribution: 
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where m is generalized particle mass, e is the intrinsic energy. For isothermal flow the  
e = const condition should be used. 
The Bhatnagar-Gross-Kroor (BGK) collision operator is commonly used for simulating 

the viscous Navier-Stokes flow. It reduces the particle distribution to the equilibrium 
distribution, defined by Maxwell-Boltzmann equation: 

 
 


2

2
2

23
0 /)uv(expn)v(f /  , (5) 

where 32 /eTkB   is the generalized temperature, m/n   is the local 

particle amount. Simple BGK approximation is a time relaxation operator: 

 01 ff 
 , (6) 
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Substituting BGK approximation (6) the Boltzmann equation (3) should be transformed as: 

 01 ff
v
fF

v
fF

y
fv

x
fv

t
f

y
y

x
xyx 

































. (7) 

As shown in Chapman-Enskog analysis [3], the Boltzmann equation with BGK 
collision operator (7) is equal to the Navier-Stokes equation (1) for uncompressed fluid or 
slightly compressed gas when the Mach number is small and the flow is isothermal.  

3. Calculation model 

According to the numerical lattice-Boltzmann method the calculation process is 
simulated as a sequential evolution of the flow on the discrete lattice. During the streaming 
step all particles are migrated to the neighbouring nodes in all possible directions. Particles 
that appeared in the same node take part into the collision step. Converging iterative 
process describes the stationary flow behaviour.  

In present research the D2Q9 discrete lattice was chosen for the numerical simulations. 
This lattice assumes migration of particles in 4 straight and 4 diagonal directions as shown 
in Figure 2. The zero-migration discrete direction (node 9) is also implied.  

9 1

234

5

6 7 8  
Figure 2. Lattice-Boltzmann D2Q9 numerical lattice 

Straight discrete movements implies discrete particle velocities of absolute value 
cv i   where c = δx/δt is a lattice constant (lattice sound speed) and δt is the time step. 

Diagonal movements implies greater velocities of absolute value cv i 2 . The resulting 
discrete velocity vector is calculated as: 
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. (8) 
The continuous particle distribution function is also substituted by a set of discrete 

distribution functions: 

),(,,( trftvrf ii 
. (9) 

The streaming step is simulated as: 

iitxii Ftrftvrf  ),(),( 
. (10) 

The collision step equation can be expanded from the continuous Boltzmann equation 
with BGK approximation (7): 

    tititi trfuftrftrf 





 ,,,
1

),(),(' 0

, (11) 

where x  /
 is the discrete relaxation parameter, f’ is the new particle 

distribution after the collision step. Local quantities 
Local flow characteristics implicated in the equation (11) in discrete form are calculated 

by transforming integral to sum: 
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Discrete equilibrium particle distribution for the isothermal flow is calculated as shown 

in [3, 4]: 
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where wi are the specific weight coefficients. For the D2Q9 lattice they are defined as: 
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The local conservation laws are also true for the equilibrium distribution: 


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 (15) 
While using numerical lattice methods, standard macroscopic boundary conditions 

should be converted to the mesoscopic terms (specific particle distributions and collision 
operators on the boundaries).  
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For the solid wall boundaries of the channel the no-flow and no-slip macroscopic 

boundary conditions should be implemented. As a mesoscopic alternative, the classic 
“bounce-back” boundary scheme [4] was used in present research. In “bounce-back” 
boundary nodes are not the part of the flow and special collision operator is defined them. 
All the particles, arrived to the boundary node on the streaming step are just mirrored in the 
opposite directions on the collision step: 

),(),('* tbitbi trftrf  
, (16) 

where rb means boundary node coordinates, i* is the direction opposite to i direction.  
For the open boundaries of the channel there are two ways of defining boundary 

conditions. The first way is to define flow velocity boundary conditions: 

IuConstu   on the channel inlet, 
0ˆ/  xu  on the channel outlet. (17) 

Here is the mesoscopic interpretation of flow velocity boundary conditions: 

   IitiIittiIitIi uv
c

vrwtvrftrf  ***** 2

3
2),(),(' 

 
),(),(' ttrftrf fitOi  

. (18) 
where rI is the inlet boundary node, rO is the outlet boundary node, rf is a flow node 

adjacent to the rO. 
The second way is to define strict p boundary conditions: 

Ipp   on the channel inlet, 

Opp 
 on the channel outlet. (19) 

On the mesoscopic level constant pressure on the boundaries means constant ρ because 
p = cs

2ρ. The equilibrium particle distributions with zero velocity are used for boundary 
conditions: 

2
s
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. (20) 
where pB is the pressure on the specified open boundary node. 
After the lattice-Boltzmann calculation is finished the resulting local flow 

characteristics could be calculated by (12). Then the integrated flow characteristics could be 
calculated. 

Total leakage through the channel was calculated as an integrated horizontal velocity of 
the local flow on the channel outlet: 
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where B is the channel thickness, L is the channel length.  
The flow factor φx was also calculated, that shows the decrease of Qx in comparison to 

the smooth wall channel with the same geometry Qx*: 
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4. Analysis 

 
The computation software were developed for the proposed numerical model and the 

numerical experiments were carried out. The results achieved for the smooth wall channel 
are shown in Figure 3. 

 
near open boundaries 

 
inner section 

Figure 3. Vertical section of ux for channel width smooth walls 

The well-known feature of the flow in the smooth wall channel is a parabolic 
distribution of flow velocity in the vertical section of the channel. Strict parabolic 
distribution was achieved in LBM simulation for the inner sections of the channel. Some 
transient process was achieved near the open boundaries. They are due to the constant 
boundary conditions on open boundaries. The other well-known features of the flow in the  
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smooth wall channel (negligible vertical pressure gradient and vertical velocity, linear 
pressure distribution along the channel length) were also granted in numerical simulations. 
In complex they validate the numerical model correctness. 

Other numerical experiments were carried out for the rough wall channels. In Figure 4 
two different rough surfaces are shown. The first one is the surface after the grinding with 
low roughness height. The second one is the surface after milling with greater roughness 
height. The length of the analysed channel was 0,8 mm.  

 
surface after grinding 

 
surface after milling 

Figure 4. Surface roughness profiles  

Typical flow velocity distribution in channels with both grinded and milled surfaces is 
shown in Figure 5. The local velocity significantly increases where the channel is narrowed. 
In vertical section the flow velocity still has parabolic distribution. Also the increase of 
vertical flow velocity near the channel narrowing zones was achieved. It is due to the 
streamlining of the roughness peaks.  

The resulting values of the flow factors in channel with different surface roughness 
profiles are shown in Figure 6. The results are shown as a graph showing the flow factor 
evolution while growing of the average gap from 7 to 12 um. For the more thin channels 
the flow factor values are more significant, i.e. the roughness influence is more strong. 
Regular surfaces with great roughness height show stronger influence. 
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surface after grinding 

 
surface after milling 

Figure 5. Flow velocity in channels with rough walls 
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Figure 6. Evolution of the flow factors with growing of average gap H 

At the same time, the small roughness surfaces allow to achieve lesser values of average 
gap and so decrease leakages.  

5. Conclusion 

Proposed model can be used to forecast leakage in thin channels with rough walls in the 
Navier-Stokes approach. Small roughness height should be combined with regular surface 
texture to decrease the resulting leakage. 
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