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Abstract: The paper presents a new rock-physical model to describe the pressure depend-
ences of the phase velocity and quality factor (Q). Acoustic laboratory data for P-wave ve-
locity and Q factor were measured on the sandstone sample at 40 different pressures. The
spectral ratio method was used to measure the Q factor data utilizing an aluminum sample
(with the size and geometry of the rock sample) as a reference. The measured velocity and Q
factor data were processed in an inversion procedure. The results showed that both the ve-
locity-pressure and the Q factor pressure dependence can be well-described utilizing the
newly developed rock-physical model in forward modeling. From the estimated inversion
parameters, v, and Q can be calculated for the full pressure range.

Keywords: model development, acoustic P wave velocity, quality factor, inversion, pressure
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1. INTRODUCTION

There is a growing claim to predict rock physical parameters more accurately at var-
ious geological structures. Geophysics has a wide palette to determine these param-
eters, for example, acoustic velocity, porosity, permeability, and elastic moduli and
it is well-known that pressure has a strong influence on them. The change of acoustic
wave velocity propagating in rocks under pressure is highly nonlinear. To explain
the phenomenon various models and empirical relations were developed.

It is observed that pressure has more influence on velocities in the beginning
phase of loading, later it lessens and the velocities tend to have a limit value. The
basic concepts link the pressure dependence of velocity and Q factor to the change
in pore volume or closure of microcracks due to the increasing load, as Birch (1960)
or Brace and Walsh (1964) proposed in their studies. This paper focuses on a com-
bination of the two concepts because they simultaneously occur under real petro-
physical conditions. When increasing pressure acts on rock, the microcracks are clos-
ing and at the same time grains become closer to each other (compaction occurs in
the grain structure). Both the closing of the microcracks and the decrease in pore
volume cause an increase in the propagation velocity and Quality factors. In the
knowledge of the pressure dependence, we can estimate the pressure (pore pressures)
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under real condition (Décs and Baracza, 2022; Nagy et al., 2019a; Nagy et al.,
2019b). In what follows the combined petrophysical model will be presented. The
model will be validated in its application in the interpretation of laboratory-measured
velocity- and Q-factor data.

2. THE COMBINED ROCK-PHYSICAL MODEL

There are two basic ideas to explain the pressure dependence of the propagation
characteristics of seismic waves: Brace and Walsh (1964) declared that the main
factor is the closure of the microcracks, while Birch (1960) suggested a mechanism
in which an increasing pressure produces a reduction in the pore space followed by
the increasing contact between the grains of the rock. Following Brace and Walsh
(1964) a rock-physical model was introduced by Dobroka and Somogyi-Molnar
(2012) while the model based on the concept of Birch (1960) was published by So-
mogyi Molnar et al. (2015). In real rock conditions both two mechanisms (mi-
crocracks closure and pore volume reduction) can occur, thus in the following we
present a combined petrophysical model based on the results of Dobréka and Somo-
gyi-Molnar (2012) and Somogyi Molnar et al. (2015).

2.1. The microcracks model

The basic assumption of the proposed model is that the dN change in the number of
microcracks is directly proportional to the applied stress increase do and the N total
number of microcracks (per unit volume) expressed by the differential equation

dN = —ANdo (1)

where / is a proportionality constant. In Equation (1) the negative sign represents
that at increasing stress — with closing microcracks — the number of the open mi-
crocracks decreases. Solving Equation (1) we find

N = Ny exp(— Ao) 2)

where Ny is the number of the open microcracks at a stress-free state (o = 0). The
second item of building the model is the assumption of a linear relationship between
the propagation velocity change dv — due to pressure increment do — and dN

dv = —adN 3)
where o is amaterial quality dependent constant. The negative sign represents that
the velocity is increasing with decreasing number of cracks. Combining Equation (3)

with Equation (1) and (2), we obtain

dv = aANy exp( — Ao)do. 4)
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Solving the upper differential equation we have
v=K—aNyexp(—Ao) 5)

where K is an integration constant. At a stress-free state (o = () the propagation
velocity vy can be measured and computed from Equation (5) as vp=K-aNy. Hence,
we obtain the integration constant as K=vy+aN,. After this Equation (5) can be re-
written as

v =vy+ Av(1l — exp( — Ao)) (6)

where the notationa Ny, = Av has been used. Equation (6) provides a theoretical
connection between the propagation velocity and rock pressure. The model equation
shows that the propagation velocity — as a function of stress — starts from vy and
increases up to the v,o=vp+4v value according to the function of 1-exp(-i0). Thus,
the value 4v = v, —vy specifies a velocity range in which the propagation velocity
can vary from the stress-free state up to the state characterized by high rock pressure.
Constant A is called the stress sensitivity.

2.2. The pore volume model

In accepting the idea of Birch (1960), the rock physical model explaining the physi-
cal relationship between the applied stress and the acoustic P-wave velocities is sum-
marized here following Somogyi Molnar et al. (2015). Utilizing similar considera-
tions as above, the basic model law can be formulated by Equation (7)

dv = —yVdo (7

where dV is the change of specific pore volume, do is the applied stress increase and
Y is the proportionality factor, a new rock physical parameter. The negative sign
indicates that the pore volume is decreasing at increasing pressure. The solution to
Equation (7) is

V =Vyexp(—yo) (®)

We assume also a linear relationship between the infinitesimal change of the appro-
priate propagation wave velocity dv and dV

dv = —BdV 9)

where the 8 proportionality factor is a new material characteristic. The negative sign
represents that the velocity and pore volume are inversely proportional. Combining
Equations (7) and (8) and solving the differential equations as well as applying the
notation 4vy=f3 ¥, one can obtain
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v=vy+ Avy(1 — exp( — yo)) (10)

where v is the propagation velocity at a stress-free state, while the quantity Avy
means the velocity change caused by the presence of pores at a stress-free state (Ji
etal., 2007) and can be considered as the difference between the velocities measured
at maximum and zero stresses, 1.€., AVo=Vuax-Vo.

The physical meaning of parametery was derived by Dobroka and Somogyi-Molnar
(2012). It can be formulated as the logarithmic stress sensitivity of the velocity-
change

_ _ldav  din(dv) _
S(O-) - v do do =Y (11)

2.3. The combined velocity model

If the two mechanisms are present, the infinitezimal velocity change should contain
both sources of the stress-induced variation as

dv = —adN — fdV (12)
or differentiating Equations (2) and (8)
dv = aANyexp(—Ao)do + fyV,exp(—yo)dao (13)
After integration, we can find
v = —aNyexp(—Ao) — BVyexp(—vyo) + C (14)

where C is an integration constant determined using the initial condition that at
stress-free state (o = () the propagation velocity is vy

vy = —aNy— Vo +C (15)
resulting in
C =vy+ aNy + BV, (16)
and also
v = vy + aNy(1 — exp(—40)) + V(1 — exp( — yo)) 17

This is the derived formula for the combined rock physical model.
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The experiences show, that in most cases closing pores requires much higher
pressure compared to the closing of microcracks, or in other words, the characteristic
pressure 1/y of the mechanism of closing the pores is much higher compared to 1/4
(the characteristic pressure belonging to the mechanism of closing microcracks).
This means that in Equation (17)

yo << Ao (18)

In such cases, Equation (17) can be simplified, because at moderate pressures the
second exponential function can be replaced by its truncated Taylor series as

exp(—yo)=1—yo (19)
Inserting this into Equation (17) we find
v =vy+ aNy(1l — exp(—21a)) + LVyyo (20)

or introducing the notations aNy = Av and D = fV,y we find a simplified model
equation

v =vy+ Av(1 — exp(—A0)) + Do (21

This relationship is extensively used in rock physics as an empirical equation, e.g.,
in Ji et al. (2007), Wepfer and Christensen (1991), Wang et al. (2005), Stierman et
al. (1979), Yu et al. (1993), etc. The above considerations can serve as theoretical
background behind a previously introduced empirical formula.

2.4. The combined Q-factor model

We assume that the pressure dependence of the Q factor is influenced by the same
intrinsic mechanisms (closing of microcracks and change in the pore volume) as it
was assumed in the case of phase velocity. Consequently, the infinitezimal change
in the Q factor should contain both sources of the stress-induced variation as

dQ = —ndN — kdV (22)

where the proportionality factors 7 and k are new material characteristics. After dif-
ferentiating Equations (2) and (8) we find

dQ = nANyexp(—Aco)do + kyV, exp(—yo)do (23)
Repeating the above derivations, the final result is

Q = Qo +nNo(1 — exp(=240)) + KV, (1 — exp(—y0o)) (24)
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where @ is the Q factor at zero pressure. This is the combined Q factor formula. If
the inequality (18) fulfills, Equation (24) simplifies as

Q=0Qy+4Q(1 —exp(—Ao))+Ec (25)

where the notations 4Q = nN, and E = kV,y were used. In the case of nN; <<
kVy, Equation (25) gives the model assuming one mechanism

Q = Qo +4Q(1 — exp(—10)) (26)

3. MEASUREMENTS AND INVERSION

To confirm the reliability of the combined model velocity, Q factor datasets were
measured. The pulse transmission technique was used for wave velocity measure-
ments and the method developed by Toks6z et al. (1979) was implemented to deter-
mine Q factor (see Appendix). We performed measurements on a fine-grained sand-
stone sample which was subjected to uniaxial stresses by the automatic acoustic test
system of the Department of Geophysics, University of Miskolc (Figure 1).

Transmitter Receiver

Figure 1
Experimental setup. Left: load frame and pressure cell. Middle: ultrasonic device,
sandstone sample between transmitter and receiver built in the pressure stamps.
Right: P and S wave arrivals

The digitally controlled test system includes a pressure cell, an ultrasonic 2-channel
testing device and a load frame. P-wave velocity and Q factor — as a function of
pressure — were measured at 40 discrete pressures equidistantly distributed in the
[0.26, 82.15] (MPa) range. According to the Toks6z method (1979), the full wave-
form was also measured on the reference aluminum sample at all 40 discrete pres-
sures. We determined the P-wave derived Q factor (Q) of the sandstone sample by
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calculating spectral ratios from the spectra obtained after Discrete Fourier Trans-
formation (DFT) of the measured waveforms. (The details are presented in the Ap-
pendix.) The measured data are shown in Figure 2. The velocity dataset shows a
linear trend at higher pressures [following Equation (21) while the Q factor ap-
proaches to a constant value written in Equation (26)] or to a slightly increasing
one [Equation (26)].
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Figure 2

The measurement data. a.) P-wave velocity, b.) P-wave Q factor

To prove the validity and applicability of the models introduced above, we use the
measured datasets in an inversion procedure. The parameters appearing in the model
equations will be determined by processing measurement data in both independent
and joint inversion procedure (using the Damped Least Squares Method). In forward
modeling it is obvious to choose the simplified combined model in the case of the
velocity data. Because of the moderate increase of the Q factor at high pressures both
the simplified combined and the one-mechanism model can be applied. For joint
inversion purposes, it is useful to modify slightly the forward problem formulae and
write Equation (21) in the form

v=A—Bexp(—A0)) + Do 27)
where A = vy + Av, B = Av. Similarly, Equation (25) is written in the form
Q = A—Bexp(—Ao)) + Ec (28)

where A = Qy + 4Q, B = AQ. In the case of the one-mechanism model, Equation
(26) is written as

Q = A— Bexp(—A10)) (29)



12 Brigitta Turai-Vurom — Mihdly Dobrdka

For measuring the accuracy of inversion estimation, the relative estimation error is
used (Menke, 1984; Gyulai et al., 2013). To characterize the fit between the meas-
ured and calculated data the relative data distance

(meas) _

2

1 d d(calc)

d= |& ’,(V=1<kd(—l)’<> - 100 [%] (30)
k

is utilized. The result of the independent LSQ inversion of the P-wave velocity data
is shown in Figure 3.
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Figure 3
Inversion of P-wave velocity data using the simplified combined model
[Equation (27)] in forward modeling

The estimated model parameters and the relative data distance are given in the first
column of Table 1. In the inversion of Q factor data, we investigated two cases in
selecting forward modeling. The results of the LSQ inversion with Equation (28) as
a forward modeling formula are shown in Figure 4. The estimated model parameters
are in the second column of Table 1. We can see that the value of the data distance
is much larger for the Q factor than for the velocity, the reason is that the measured
Q factor data are much less accurate than the velocity data, i.e., the Q dataset is much
noisier than the v dataset.
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Model parameters estimated by independent LSQ inversion

Table 1

Velocity inversion

Quality factor inversion I.
using the combined model

Quality factor inversion II.
using the one mechanism
model

A =4.642 +/-0.071%

A =36.582 +/—0.609%

A =37473 +/-0.231%

B=0.165+/—2.447%

B =17.382 +/—2.038%

B =17.941 +/—2.030%

lambda =0.129 +/—5.72%

lambda =0.181 +/—4.74%

lambda=0.158 +/~3.99%

D =0.0016 +/—3.452%

E =0.0168 +/—24.33%

d=0.094%

d=1.604%

d=1.797%

In the other case, when Equation (28) serves as a forward modeling formula the
results shown in Figure 5 can be found. The estimated model parameters are in the
third column of Table I. As can be seen, the fit between the measured data is better

in Figure 4.
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Inversion of P-wave Q factor data using the simplified combined model
[Equation (28)] in forward modeling

The above results of independent inversion gave three different values for the lambda
parameter. On the other hand, all three rock physical models in the above inversion
tests were based on Equation (1), which implies the same value for the lambda pa-
rameter. Because of this reason, we integrate the velocity- and Q factor datasets in a
joint inversion procedure in which the connection of the two physically different
kinds of measurement data set is based on the common lambda parameter.
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Figure 5
Inversion of P-wave Q factor data using the one mechanism model
[Equation (29)] in forward modeling

In the joint inversion procedure, Equation (27) and (28) were selected as forward
modeling formulae. The results are shown in Figures 6 and 7, the estimated param-
eters are given in Table 2.
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Figure 6
P-wave velocity as a function of pressure estimated by joint inversion using the
simplified combined models [Equations (27) and (28)] in forward modeling
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Figure 7

P-wave Q factor as a function of pressure found in joint inversion, using the sim-
plified combined models [Equations (27) and (28)] in forward modeling

Table 2

Model parameters estimated by LSQ joint inversion

velocity parameters Q factor parameters Common parameter
Av=4.629 Aq=36.582 lambda = 0.180
Bv=0.163 Bq=17.382
Dv =0.0019 Eq=0.0168 data distance: d=1.137%

With the above model parameters, the pressure-dependent acoustic P-wave velocity
and Q factor can be calculated for the whole pressure range by Equations (27) and
(28). The distance between the measured and calculated data is smaller, then that
found in independent Q factor inversion and grater then that given by independent
velocity inversion. The inversion results prove that the petrophysical model describ-
ing the pressure dependence of acoustic P-wave velocity and Q factor applies well
in practice.

4. CONCLUSIONS

A fine-grained compact sandstone sample was used to measure the acoustic labora-
tory data of P-waves at 40 different discrete pressures in the [0.26, 82.15] (MPa)
range, from which velocity-pressure and quality factor-pressure relationships were
described. The spectral ratio method was used to determine the quality factor. To
describe the velocity-pressure and quality factor-pressure relationships of the sand-
stone sample, a rock physics model is given that assumes the simultaneous presence
of two mechanisms (closing of microcracks and change in the pore volume). The
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measured data were processed by inversion procedures and then integrated into a
joint inversion procedure in order to combine the two physically different types of
measurement data sets using the lambda unknown as common parameter, assuming
that the pressure dependence of the quality factor is affected by the same intrinsic
mechanisms as the pressure dependence of the P-wave velocity. Using the model
parameters estimated by joint inversion, the pressure-dependent acoustic P-wave ve-
locity and the quality factor can be calculated for the full pressure range, based on
the forward equations. The inversion results demonstrate that the petrophysical
model explaining the pressure dependence of the acoustic P-wave velocity and the
quality factor is well applicable. Based on the results of the inversion calculation, it
can be stated that joint inversion significantly reduces the data distance for Q factor
inversions.
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APPENDIX

For the laboratory determination of the quality factor (Q), Toks6z et al. (1979) de-
veloped the method of spectral ratios, which was used to evaluate our acoustic P-
wave measurements. During the method of spectral ratios, we also perform a refer-
ence measurement on an aluminum sample with the same geometry as the rock sam-
ple, since the Q factor of aluminum is very high, and we can use this property well
in our calculations. The amplitude spectra of the acoustic waves that can be measured
on the samples can be written with the following relations

Ay (f) = G gpy (x) e~ %atu(N)x @f 2ft=kau) (31)

Arock (f) = Grock (x)e_arock(f)xej(znft_krockx) (32)
where  Aan(f) — amplitude spectrum of the aluminum sample,
Arock(f) — amplitude spectrum of the sandstone sample,

Gan(x) — geometric factor of the aluminum sample,

Grock(x) — geometric factor of the sandstone sample,
X — length of the sample,
Caiu(f) — frequency-dependent attenuation factor of the aluminum
sample,
Orock(f) — frequency-dependent attenuation factor of the sandstone
sample,
kat — wavenumber of the aluminum sample,

Krock — wavenumber of the sandstone sample.
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McDonal et al. (1958), Jackson and Anderson (1970) previously showed that in the
frequency range 0.1-1 MHz the attenuation factor a is a linear function of frequency
which can be written as follows

a(f) =vf (33)

where vy is a proportionality factor. If the geometry of the aluminum sample and the
rock sample are the same, the spectral ratio will be as follows

M — e~ Vau—"Yrock)fx
Arock(f) € (34)

Compared to rocks, aluminum is an almost attenuation-free medium (ya,~0), therefore

M - YrockfX
Arock () € (35)

Thus, by taking the natural logarithm of Equation (35), we can obtain the propor-
tionality factor yrock Of the rock

ln(%)

Yrock = T (36)

Knowing the .k quantity, the Q factor can be determined (Toksoz et al., 1979)

T

Q= (37

V¥rock

where v is the velocity of the acoustic wave. Neglecting the phase shift and the
measurement errors, the logarithm of the spectral ratio calculated as a function of
frequency is scattered around the following equalization line

n(22D)  =pfis (38)

Arock(f) str

where [ — inclination angle of the equalization line,
0 — vertical axis section of the equalization line.
Based on relations (36) and (37), the value of the Q factor is given as

nxf

Aglu(f)
1 ( alu )
v Arock () str

(39)
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