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Abstract

A common example for Einstein’s special relativity [1] is the different aging of the twins, one of whom
embarks on an interstellar journey. This problem was originally discussed with a spaceship moving at
a constant speed there and back, and there was no mention of the accelerating interval. Without that,
this situation appears to be paradoxical, since one can argue that the traveling twin also sees the oth-
er one moving, therefore the situation is symmetric. No such symmetry is apparent, however, if the
interval of acceleration is considered, no matter how short that is [2,3]. We wanted to analyse this
situation for a realistic scenario, where the spaceship would have a continuous acceleration and de-
celeration of 1 g during the entire round trip. We present detailed calculations and an analysis of the
aging difference for journeys to various distances and for various times.
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1. Introduction

In the nineteenth century the question arose whether there is a hypothetical medium called aether,
relative to which the speed of light in vacuum should be measured. It is easy to imagine that if such a
medium existed, it could be taken as an absolute stationary system. In any other system that moves
compared to this system, the speed of light would appear different in the different directions, accord-
ing to the Galilean transformation formulas. These formulas are easy to write up if we consider the
stationary S system and an S’ system that moves along the positive x axis of the S system at some v,
velocity. An object moves along a straight path at a constant speed, as it can be seen in Figure 1.
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Figure 1. The stationary S and the moving S’ systems
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During some At time measured in S or Az’ time measured in S’ (At = At’), the coordinate differences in
each system will be the following:

Ax' = Ax — vyt Ay' = Ay Az' = Az (1)
Now if we divide by At or Az’, we get the transformation formulas for the velocity components:
v =1, — v, v, =, v, =, 2

Several experiments, however, demonstrated that the speed of light is the same in any direction and in
any moving inertial reference system. One such experiment was Michelson’s interferometric experi-
ment, which would have been able to show a few m/s difference in the speed of light measured in dif-
ferent directions. These findings disproved the existence of the aether, and lead to the formulation of
special relativity by Einstein [1].

1.1. The Lorentz transformation formulas

Einstein concluded that the speed of light is the same in any inertial reference frame, and in any direc-
tion. No inertial system can be chosen as an absolute stationary system, the laws of physics can be
written with similar formulas in any inertial system. This means that the formulas of the Galilean
transformation cannot be correct for high velocities, and they are just approximations for velocities
much smaller than the speed of light. The correct transformation formulas were given by Einstein in
his 1905 paper [1]. The flowing requirements had to be satisfied by the mathematical relations be-
tween Az, Ax, Ay, Az of Sand At’, Ax’, Ay’, Az’, of S’

1. Two events that happen simultaneously at the same location in one inertial system should hap-
pen simultaneously and at the same location in the other system too. This means that if Az = Ax
=Ay=Az=0thenAt’=Ax"=Ay’=Az’=0as well.

2. The formulas transforming from S to S’ should be similar to the formulas transforming from S’
to S. Because of this, only linear transformation formulas are possible.

3. For small velocities the formulas should give back the Galilean transformation formulas.

4. The speed of light should be the same in every inertial reference frame.

In order to satisfy these conditions, Einstein had to give up the notion that clocks in the moving
reference frames are synchronized to each other (Az = A¢’), meaning time is just as relative as the co-
ordinate differences. Experimental proof to this fact has been shown in several experiments that in-
volved atomic clocks flown on airplanes [4], measuring the difference in the half-life of relativistic
particles [5, 6], or moving optical clocks at a few percent of the speed of light [7]. The relativistic for-
mulas connecting the S frame to the S’ moving relative to it at a speed of v along the positive x axis:

,  At—SAx
At' = = x' = = Ay
v v

If we want to transform the coordinate and time differences from the S’ system to S, we have to
write —v instead of v:

= Ay Az = Az 3)
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At'+ZAx! Ax +vAt!
At = —=— Ax == Ay = Ay’ Az = A7’ (4)
v2 v2
1-2 1-2
C C

1.2. Transforming the velocity

Since the letter v is taken to denote the speed of the S’ system relative to S, it is customary to use u
and 1’ to denote the velocity of objects in the corresponding systems. The components of this velocity
can be written in the following way:

Ax
Ax' Ax—vAt v U=V Ax  u,'+v
r — — At — X — — X
Uy =7 = v = vAx Vuyx or Uy =37 = ! (5)
At At—C—ZAx 1_c2At = At 1+vztéc
v2 , )
pr=y oy W or I e
y At T a—Zax 1-2x Y oAt 1
c c c?
2
v
,Il‘c—z
v2 ' v
= pz U7z or U
Z T Al v Tl ;= — = ——
At T aebax T 1T At gy

1.3. Transforming the acceleration

In order to transform the x component of the acceleration, we have to use the differential form of the
transformation formulas (e.g. At — dt):

VU, v

1—C—2+(ux—v)c—2 3
du,’ VU, \2 v%\2
e Gt (%) e(i-h)
e v, e =3 (6)
ar & STz (1-Z#)
v2
-z
) 3
du, ' , v~\2
. _dux__dux’dux _ax (1—3)
*odr o dt B vu,'\?
a4t (1+ sz)

We are not going to write up the y and z components of the acceleration, since our spaceship will
be traveling along the x axis, and its acceleration will also be directed along that axis. Therefore this is
the only component that we will need.
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2. Discussion

The spaceship starts from Earth and travels with a constant acceleration of g, measured in the frame of
the ship. This is called the proper acceleration. Since the velocity of the ship is continuously changing,
if we want to fix an inertial reference frame to the ship such that u,.’ = 0, this will have to be a differ-
ent S’ system in every moment: v = u,., where u, is the velocity of the ship in S, i.e. relative to Earth.
In all of these different S’ systems it will be true that a,’ = g. The transformation formula in (6) will
be simplified due to the fact that u,,’ = 0 in every moment:

3 3

e =a/(1-5) =g(1-5) (7)

c2

As we can see (Figure 2), the acceleration of the ship in S goes to zero as it approaches the speed of
light. Here we use g = Eto give the velocity in speed of light units.

a(m/sl)
10 ¢
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Figure 2. The acceleration of the ship as measured from Earth, as a function of its velocity

If we now substitute the time derivative of u, for a, in (7), and consider that due to the proper
choosing of reference frames u, = v in every moment, we have a differential equation for u,, which
we can solve by separating the variables. We will use f = v/c again:

3
dv v?\2
7-9\1-= ®)

d
(dﬁtC) =g(1 - ,6’2)%

253



Pszota G., Majar J. Twin paradox for realistic acceleration

d
P la-p
b9y
a-pn2 ¢

B ap’ t ,

[
0(1—ﬁ'2)2 0
B _9,
1-p2 ¢

We can solve this for g and obtain the velocity in speed of light units as a function of time meas-
ured on Earth (see Figure 3 as well):
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Figure 3. The speed of the ship as a function of time in years measured on Earth

We can see that the speed initially increases linearly according to Newtonian mechanics, but as we
get close to the speed of light after spending almost a year accelerating at g in the ship’s reference
frame, the acceleration as seen from Earth diminishes, and the ship can never reach the speed of light.
If we plug (9) into (7), we get how this acceleration changes according to an observer on Earth (see
Figure 4 as well):
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3

ay(t)=g\(1 = g(1-p9)2z=g|1 g (10)

T2 + g2t2 2 + g2t2

As we can see in Figure 4, the initial 1g acceleration noticeably changes after a few months, and in
a few years it drops to almost zero. This is consistent with the idea that the ship can approach the
speed of light arbitrarily close, but it can never actually reach that value.

a(m/sz)
10 ¢
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Figure 4. The acceleration of the ship as measured from Earth, as a function of time
If we now want to calculate how far the ship gets as a function of time, in (9) we can write v as the
time derivative of X, and calculate the integral:

d

v(t) = = = o = == v

\/C2+g2t2 \/1+g—2t2
C2

t C2 2
x(t) =fg—2dt+cl=— /1+“Z—2t2+c1
/1+‘g—2t2 7

(11)

x
dt

Whent=0,x=0:
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CZ gz C2 C2 gz
t) =— ’1 —t2——=—| [1+=t2-1
x(t) 7 +c2 7 7 +C2

Looking at Figure 5, we can see that after the initial acceleration of a few months, the ship practi-
cally travels at the speed of light, and the distance just increases according to that. This way the closest
star system can be reached in about 5 years if we do not plan on slowing down and stopping there.

Now let’s see how the time measured on the ship compares to the time that they measure on Earth.
We already have t that we used to denote the time in S, and the proper time of the ship will have to be
integrated over the infinite number of moving S’ reference frames. Let’s denote this time with the let-
ter 1.

d(ly)

4+

1 " L 1 . 1 n 1 " 1 t(y)
1 2 3 4 5

Figure 5. The distance from Earth in lightyears as a function of time

In the momentary S~ system, which is moving at velocity v = u, with the ship, dx’ is zero, therefore
we can write the connection between dt and d¢” = dr using the Lorentz transformation formula for time
from (4):

dt = — (12)

After rearranging and plugging in what we got for 3, we get a differential equation that we can
solve for the proper time of the ship:

dt v2 c? 1
_—= 1——=41-— 2 = = 13
dt 1’ c? p ’cz + g%t? g2 (13)
1+ %5 t2
c
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dt c (9t
7(t) = f—+ C, = —sinh (—) +C,
g% g ¢

When t = 0 then z = 0 as well, therefore: C, = 0

c t
7(t) = —sinh™* (g_)
g C
In Figure 6 we can see how the proper time of the ship depends on the time measured on Earth as
the velocity increases and approaches the speed of light. For a few months there is not much differ-

ence, but after several years of acceleration the clock of the traveling twin slows down dramatically
compared to the clock left with his brother.
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Figure 6. The proper time of the accelerating ship as a function of the time on Earth

What we would like to calculate, however, are the times for a round trip journey and how they
compare to each other depending on how far the destination is. For this we will use that the journey is
symmetric, i.e. the ship is gaining speed up to halfway (x,) to the destination (d = 2x;), then it slows
down taking the same time as for the first half of the trip in both reference frames. The trip back home
takes the same time as the trip to the destination in both reference frames, thus for the entire journey
we can use that 7; = 47, and t; = 4t,. Now we can express how the duration of the journey on the ship
depends on how much time it takes on Earth (Figure 7), or we can also rearrange it the other way:

4c . (gt;
Tj (t]) = ?Slnh 1 (4-_(,{) (14)
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4c  /9T;
tj (T]) = ?Sll‘lh (4—;)

Using the result of (11) for the distance x, we can write how the distance of the reachable destina-
tion will depend on the time measured on Earth, or the other way, how the time of the journey will
depend on how far the destination is:

2d , 4c?
tjz — 1> or tj(d) == 1+ g (15)

_2c¢? g?
d(tj) = < 1+ oo

7j(y)

6+

. . : 1 (y)
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Figure 7. The duration of the journey as measured by the two twins

Finally, using the second expression in both (14) and (15), we can obtain a similar dependence be-
tween time and distance, but now with the proper time of the journey, as measured on the ship:

2 .
d(ty) = %( 1 + sinh? (‘i—TC]) - 1) or 1;(d)= %sinh_1 (% 1+ ;—i) (16)

3. Conclusions

Starting with the transformation formulas of the theory of special relativity, we managed to find ana-
Iytical solutions for the times measured by the two twins depending on how far one of them travels on
a continuously accelerating spaceship. If we want to see how much younger the traveling twin will be
after the journey, we just have to take the difference of the two times, i.e. the second formulas of (15)
and (16):

2d 4c? 4c [ gd 4¢?
th(d) = tj(d)—’[](d) :? 1+@—5511‘1h ﬁ 1+g_d (17)
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If we look at Figure 8 that shows the times measured on the Earth and on the spaceship, as well as the
difference of these two times, as a function of the distance to the destination, we can see that for short
journeys there are no time dilation effects, because the spaceship does not have enough time to accel-
erate to relativistic speeds. On the other hand, when the journey is to a destination that is several tens
of light years away, the difference between the times becomes very big. For extremely long journeys
(see Table 1) the time measured on Earth would practically be as if the spaceship was traveling at the
speed of light there and back, while on the ship these times would be much shorter. Thus the time dif-
ference eventually becomes almost as large as the time measured on Earth.

Table 1. Times measured by the two twins for round trips to various destinations

Destination dly] tj [yl 7; [yl ta [V]
1 light year 1 4.42 3.79 0.63
Proxima 4.3 11.86 7.12 4.74
Neighbourhood 20 43.71 12.09 31.62
TOl 700d 100 203.8 18.05 185.8
Galactic centre 26500 53004 39.61 52964
Andromeda 2.5 million 5 million 57.24 ~5 million

For example, as it can be seen from Table 1, even a round trip to the centre of the Milky Way,
which is about 26500 light years away, would still take less than 40 years on the ship.
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Figure 8. The durations measured by the two twins for round trips to various distances, and the dif-
ference between the two times (age difference).
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This means that there is a sure way for traveling not just to the distant stars, but also into the future,
provided that this kind of interstellar travel becomes possible at some point.
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