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Abstract

We deduct conditions for the Hamiltonian coupling strengths necessary to achieve flat bands in
polymers (i.e. a pentagon chain) considering many-body spin-orbit coupling and external magnetic field.
We consider itinerant electrons on pentagon chains with first neighbour hoppings, on-site electron
potentials and spin-flip first neighbour hoppings representing the Rashba type spin-orbit interaction
(SOI). The external magnetic field is also present in the system via the Peierls phase factors. The band
structure is obtained by solving the secular equation of the diagonalized one particle part of the
Hamiltonian in k-space (momentum-space). The flat band conditions make the bands k-independent,
providing a highly a degenerate state, which gives broad possibilities for applications. In our work we
have shown how the SOI is able to relax the strict, rigid flat band conditions given by the Hamiltonian
coupling strengths. The role of the external magnetic field was also investigated.
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1. Introduction

Given by their huge degeneracy, flat bands generate a real interest since allow the appearance of several
condensed phases for different systems, e.g. conducting polymers (Gulacsi et al., 2010), twisted bilayer
graphene (Dong et al., 2021; Lisi et al., 2021), honeycomb optical lattice (Wu et al., 2007), non-
Hermitian optical lattices (Zhang et al., 2019).

In this study we first introduce the analysed system and its Hamiltonian, then transform the one
particle part of the Hamiltonian to the k-space. With the transformation given, we deduct the band
structure of the system by diagonalizing the one particle part of the Hamiltonian and solving the secular
equation. By eliminating the k-dependent parts in the band structure, we get a highly degenerate state,
called a flat band. The elimination of the k-dependent parts is obtained by the flat band conditions.

However, manufacturing flat bands in real systems seems to encounter real difficulties given by the
rigidly fixed flat band conditions (strict relations between Hamiltonian parameters) they require. We
show in this paper that taking many-body spin-orbit coupling (SOI) and the action of external magnetic
field into account, these rigidly fixed flat band conditions can be substantially relaxed, enhancing the
engineering possibilities of flat bands in real systems.
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In this paper we study conducting polymers. The base of the conducting polymer is a pentagon (e.g.
polyaminotriazole type of chain). We considered two SOI strengths, first A, on the external links and

the second A in the base.
In order to make the model even more suitable for possible technical applications we have taken
external magnetic field into account during our investigation.

2. The system analysed

The system analysed is a pentagon chain, with an external magnetic field perpendicular to the plane of
the cell (see Fig.1,2). The unit cell of the system contains 6 sites, including the external link.
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Figure 1. The pentagon chain

The Hamiltonian of the system has the form
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Where €, are the on-site one-particle potentials, on the site n. Considering the symmetry of the unit
cell, we use the notations €; = €,-1 = €24, € = €p=y = €,—3, €3 = €5, €4 = €p—g - 1hE

neighbouring cells connect trough the Bravais vector a. In addition n7,, = CiTgCi,a is the number operator,

where CTG creates an electron on site i with the spin o. The czaci_g,m type hopping terms, (i.e the spin-

i
flip hopping terms) represent the Rashba type spin-orbit interaction for polymers (Li et al., 2017).
The external magnetic field B is considered along the axis z and acts only trough the Peierls phase
factor. The Peierls phase factors can be calculated via:

2TC ] 3
— —— |7 Adl i
t]l(B) = tjield)o fL = tjiel(p]", (2)

where ¢y = % is the flux quantum, ¢ being the speed of light, e is the electron charge, h is the Plank
constant. The ¢;; are the hopping couplings in the system without the magnetic field, ¢ ; are the so called
Peierls factors. By calculating the Peierls phase factors, we get @3, = @1 921 = Q43 = @3, P54 =
Q15 = @3, Psg = P74 = 0, Where ¢;, | = 1,2,3 has the form:

-1 — : 21T
ty, = tpe'?r, @1 = E(_BYZ)a
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We used the following notations for the SOI coupling strengths A = t;i = ti'; = tig = tgj =
ti’; = tl;é = tlé = téﬁ, ti = 2., while tf]l = —th,'il holds. The first neighbour hopping terms are

denoted by ¢, ty, t, and ¢;.

Y
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Figure 2. Unit cell defined, with in-cell
notations of sites n = 1,2,3,4,5,6.

3. Deducing the flat band conditions

In order to be able to study flat band conditions for the system we have to investigate the band structure,
We can extract the band structure by diagonalizing the one particle part of the Hamiltonian (H,) in k-
space and solve the secular equation.

3.1. The Hamiltonian in k-space

We translate H, to k-space, thus the fermionic operators are Fourier transformed c;, =
\/%Zk e~ik(i+m)c . Here N, is the number of cells and k is directed along the x axis (see Fig.2). The

H, becomes:
173 (4)
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Where the exponents are (see Fig.2):
k(ry —13) = k(r, — 1) = kby,

k(rs — 1) = kb,

k(rg —15) =0, k(a —r,) = kb’,
©)

Here we denoted the external link of the pentagon chain with b"and the length of the base with b =
by + 2b,.

kb
k(rs —my) = k(ry —15) = o
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n
3.2. The band structure
The band structure is obtained by diagonalizing the one particle part of the Hamiltonian (6)
_ + oot t Y7 (-t ot 3\
Ho = Yk ZG.G’(Ck,l,T' 1 Cre,6,1 Ci1, b0 ""Ck,é,l) M (Ck,l,T' 1 Cre6,1 Cha, b ""Ck,6,l) , ()
the matrix M is:
€ te P2 0 t.etkt’  te~®s 0 0 —le @2 0 etk —)e~®s 0
tel®2 €, tpe P10 0 0 Ael®2 0 0 0 0 0
0 tpe ™ e te@® 0 0 O 0 0 e 0 0
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i i kb o
@1 = kby + ¢4, Pz = kby + @y, P3 = (7 - <P3>- (8)

We deduce the diagonalized energies (i.e. the bare band structure) from the secular equation of M.
We solve the characteristic equation, by reducing B(E, {x}, {trig(ak)}) = M — IE, where E are the
energy eigenvalues, I is the identity matrix.

The {x} represents a set of the Hamiltonian parameters, while {trig(ak)} holds the trigonometric
functions of the Bravais vector and contains the k momentum dependence of the band structure. These
k dependent trigonometric functions in the characteristic equation are from the exponents in matrix M.
The band structure is given by:

B(E, {x}, {trig(ak)}) = 0. ©)
In this case the condition B(E, {x}, {trig(ak)})=0 for the matrix M can be written as:

B(E, {x},trig(ak)) = Fy + Fycos(ak + ¢) + F,sin(ak + ¢) = 0, (10)
where ¢ = @, + 2¢, + @3.

3.3. The flat band conditions

In the case of flat bands we find that the E of the flat band is not dependent of the k momentum. The k
dependent parts appear in the band structure in F({x})trig(ak) form(10), meaning the flat band
conditions are:

F({x}) = 0. (11)

Since F({x}) is in function of the Hamiltonian parameters, each flat band condition will give us rigid
conditions regarding the set of {x} parameters.

During the investigation of the flat band conditions for the studied system, the origin of the energy
axis is fixed to the position of the flat band, i.e. E = 0 holds. This means that the flat band will be fixed
and appear on the ox axis.

The flat band conditions for the system are:

F,=(-Kv—-Su), F, = (Ku—Sv). (12)
While
cos(4p3 + ¢p) cos(2¢3) sin(49sz + ¢p) sin(2¢3)
= 64 2 — Llp 2 2 S = 64 2 —th 2 2’
v =220t +t(A%—t?)), u=2(-2xtt. +A.A%—t2)), (13)

where ¢, = @1 + 2¢,.

The solution for F; = 0, F, = 0 can be summarized as K = 0,S = 0, since other seemingly possible
solutions would lead us to complex A, A coupling strengths which are not physical solutions for our 1D
system with Rashba spin-orbit coupling.
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The K = 0,5 = 0 gives restrictions for the Peierls phase factors, thus restriction for the external
magnetic field values trough (3):

@p|, = 2arctan(cot(ep3)) + 2mm, @p|, = —2arctan(tan(gz)) + 2mm,

- 2¢ -
while tan(ps),,) (tan?(ps),,) —1) 0, —2—gZ,
1
or ((pb|3 = 2mn, 3, =5 (T + Zmn)),

((pb|4 =m+ 271n, V3, = nm),

1
((Pb|5 =1 + 271n, P3|, = E(” + 2nm)>, (14)

where m,n € Z.

1

. . 1 . H
While for each solution €1 = lpth g stands. These Peierls phase factors can be
3€4™ 27 h

t
f
categorized into two groups, by the value of i,; for the solutions (¢y,,, ©3|,), (|, P3.): ip = 1, While
for the ((pbll' (p3|1)’ ((pblg’ (p3|3)' (gobl‘l,' g03|4_) i(p = _1'

The i, = 1 solutions are consistent with the solutions without external magnetic fields (i.e a system
with both @sand ¢, values zero). In this case the flat band condition is:

1 1

€ =t .
Yese,—t2 ek —tf (15)

This gives us a restriction for the value of t;:

\/—64(“3% — tp) + €364t (16)
tr,, = *
f|1,2

For the solutions with ip =—1, the flat band condition is:

(7)
1 1

EGh————= —th—>—.
€3€4 — tf €5 —t?

And the restriction for tr becomes:

\/64(55 — t;) + €364ty (18)

N

trl,, = %
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Besides the flat band conditions, there is another restriction to satisfy (10), for that part of the secular
equation which does not contain k dependence. We denoted this condition with Fy:

2 2
Fo= A% =A% —t2 — (2% + t7)? < S — 2c05(2003 + @) = e )

(esea—ts2)"  (e22-tn?)’ 2—tp?)(es€a—ts?)

A=61—(t2+7\2)( < B p— )

6364—tf2 Ezz—thz

(19)

Dividing the solution of F, = 0 by the value of i,,, we notice that for those (¢}, , ¢3 ) solutions which
belong in the group i, = 1 the F, = 0 equation is once again consistent with the system without
external magnetic field. In this case the value of 2cos(2¢5 + ¢,) = 1, and one can easily use this
condition to calculate the A, or A value.

The solution of Fy =0, while i, = —1 differ from the previous. In this case the value of
2cos(2¢3 + @) = —1, and we get different two A, or A values, as it has been shown on Fig.3.

To see, how the magnetic field, and the SOI can change the rigid flat-band conditions first we turned
our attention to investigate the flat band conditions for the system without SOI and external magnetic
field.

In this case from the flat band conditions (12) F, is automatically zero, since A., 4, @5, ¢, are zero,
while for F; we have:

F1 = —Kv.
1 1

K=¢ v = —2t%t, (20)

4
€364 — t} €5 —t2’

Since the first neighbour hopping coupling strengths t, t.. are nonzero numbers, the solution for the
condition F; = 0 is K = 0, which in agreement with the solution seen in (15). l.e the solution for the
system with SOI without external magnetic field is the same at i, = 1. This means that for the system
without magnetic field or SOI the flat band condition for t; remains (16). For the condition F, = 0 we
get:

2
A2 s 2 _ 44 T 1
Fo=Am—t—t (e‘* el 1 e%—tﬁ) ’
=¢e —t? Se £z 21
A=e—t (6364—ff2 + Ezz_ch)' (21)

This was used to calculate the value of ¢,:

(e2+tp) (€1 (e2—tp)—t2)
(&-t2)°

These solutions for the flat band conditions for the system without SOI and magnetic field are known

and are in agreement with the literature (Gulacsi, 2013). The latter strict condition for the value of ¢,

can be evaded, by changing the SOI coupling of the system. If we change the strict, rigid values for t,

given by the flat band conditions for the system without SOI and external magnetic field, Eq.(22) by

At,, the flat band becomes a dispersive band. The flat band can be achieved again by changing the A,
177

=+

(22)
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or A value of the system to a value which can be calculated from (19). (see Fig.3)
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Figure 3. The strict, rigid values for t. given by the flat band conditions for the system without SOI
and external magnetic field (22) are changed by 4t.. The flat band achieved by a) 1/t b) 4./t
provided by the flat band conditions for the system with SOI and magnetic field (19). The i, = 1 curve
is congruent with the system with SOl and without magnetic field. The H parameters are ¢; =
0.77,€;, = 1.19,€5 = 0.72,€4 = 0.26,t;, = 0.9,t. = 2.7 and are given in the first neighbour hopping
tunits. The ¢ = 0.12 for iy, = 1 ,is calculated from (15), t; =0.6 for i, = —1 is calculated from (18).

4. Summary

We worked out the band structure for an itinerant electron system in polymer chains, with first neighbour
hopping terms, first neighbour spin-flip hopping terms (which are present in the system due to Rashba
type spin-orbit interaction), on-site electron potential and external magnetic field. We calculated the
strict restrictions between Hamiltonian coupling strengths necessary to obtain flat bands in the case of
no magnetic field or SOI.

Exemplifying our obtained results in the case of conducting polymers, we show that taking the action
of the many-body spin-orbit interaction in the presence of external magnetic fields into account, the
rigidly fixed flat band conditions can be substantially relaxed, allowing an easier creation in practice of
flat bands in real systems. This result seems to be advantageous from the point of view of technological
applications, since the SOI coupling strengths can be continuously tuned by external electric field. We
also found that flat bands can also appear in the presence of external magnetic field, which further
expands possibilities of technical applications.
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