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Abstract 

Surface temperature distribution on a tube is one of the main factors affecting the calculation of the heat 

transfer coefficient calculation. When an electric heater heats the tube, a magnetic flux is generated that 

affects the thermocouples readings; therefore, an efficient fitting technique is needed to represent these 

readings. This work proposes an interpolated spline method to mathematically represent experimental 

data of a thermal distribution on a tube with heat flux. Linear regression was compared with a double 

linear interpolation process with an optimization algorithm and cubic spline curve method on the pro-

posed problem. The results show that the interpolated experimental data can highly improve the reg-

ression of the spline curve. Consequently, an interpolated spline curve gives better surface temperature 

distribution and better estimation for the average temperature. The interpolated points on spline seg-

ments are chosen by an optimization algorithm, which is particle swarm optimization, in a way that 

provides more minor errors. 

Keywords: Temperature distribution, Heat transfer, Interpolated spline; Optimization; Curve fitting. 

1. Introduction

A heat exchanger is a device used to heat transfer between two or more fluids for various applications, 

including power plants, nuclear reactors, refrigeration and air condition systems, automotive industries, 

heat recovery systems, chemical processing and food industries. In order to calculate the heat transfer 

knowledge of the prevailing temperature field is the first requirement. Most calculating the temperature 

distribution methods within a tube wall are given in the literature by constant wall temperature (Askar 

et al., 2020) or constant heat flux (Karamallah et al., 2016). The heat transfer equipment industry is a 

vast and expensive part of the world economy due to the cost and size of the heat transfer equipment. A 

large part of this cost in the industry is due to rising fuel prices. As a result, methods to enhance the heat 
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transfer process are of great interest, because even small reductions in fuel costs could make the diffe-

rence between a successful and failing power industry (Rohsenow et al., 1998). Industrial waste heat is 

energy that exists in industrial processes that is not put to any application use and is lost, wasted and 

dumped into the environment (Siddique et al., 2010). Waste heat recovery can be performed through 

various waste heat recovery techniques to provide valuable energy sources, reduce energy consumption 

in general and preserve the environment by reducing emissions to the atmosphere (Mardiana-Idayu and 

Riffat, 2012). Temperature profiling in both fluid and pipe walls have been explained theoretically 

(Emetere, 2014). The research was conducted on the operation and performance of commonly used 

technologies such as recuperates and generators, including kiln regenerators, rotary regenerators or heat 

wheels, passive air heaters (O’Connor et al., 2016), regenerative incinerators and recuperates, plate heat 

exchangers, economizers and units such as waste heat and revolving coil (RAC) boilers (Jouhara et al., 

2018). The authors provided a hitherto new approach of a heat transfer correlation based on heat flux to 

mass flux ratio for predicting the wall temperature of supercritical water flowing in a bare vertical tube. 
One of the most important issues in heat exchanger functionality and design is representing the ther-

mal distribution across the walls of pipes. Curve fitting is employed to develop a relationship between 

temperature and wall thickness. There are several works that used optimization techniques (Ghafil and 

Jármai, 2020a) to find the best curve that fits all the experimental data. Optimization is the problem of 

maximizing or minimizing quantities (Ghafil et al., 2021) that are part of engineering or mathematical 

problems (Ghafil and Jármai, 2020b). The type of metaheuristic algorithm that should be used for curve 

fitting is depending on the fitting problem itself. Some simple problems may need a single algorithm, 

and other complicated fitting problems can only be solved by multiple metaheuristics working in parallel 

to have a good degree of fitting (Alsamia et al, 2021). This paper, we have found a new regression 

method for optimal mathematical representation of experimental data called interpolated spline curve. 

The proposed method is based on knote spline and particle swarm optimization (Ghafil and Jármai, 

2018), and the method was compared with spline. The results of the comparison reveal that the interpo-

lated spline method has outperformed the fitting results of spline curves. Interpolated spline curve 

method is highly depends on the number of control points and position of that points on the curve. 

2. Methodology 

2.1. The Test Section 

The rig is a copper tube of 1.58 cm outer diameter and 1.4 cm inner diameter, with 150 cm length. The 

tube outer surface is electrically heated by a coil made from Nichrome material with power connected 

to an AC power supply to generate heat flux. It is (16.7 m) long and (1.25 mm) diameter of wire with 

(1.36 Ω/m) resistance (AWG is 16). An electric insulator of fiberglass is wrapped around the tube. Dril-

led ceramic bead elements are inserted around the wire heater to insulate the electrical heater, and then 

the wire heater is wrapped around the pipe. An aluminum foil and sectional pipe insulation of glass wool 

type with 1.9 cm internal diameter and 6.35 cm outer diameter thermal insulation operating in tempera-

ture up to (230 oC) nominal density is (64 kg/m3) used to insulate the testing tube. Eight thermocouples 

(type–K) are used to measure the temperatures in different locations in the test rig. Six thermocouples 

are used to measure the surface temperatures along the outer surface of the tube. The thermocouples are 

located along the test section with a space distance of (22 cm) between them. Two thermocouples are 

immersed in the flow to measure the inlet and outlet temperatures of the fluid in the test section. 
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2.2. Theory 

To calculate the heat transfer coefficient inside the tubes, we need the temperature of the fluid entering 

and leaving the tube to know the properties and behaviour of the fluid; also the temperature distribution 

during the flow (surface temperature on the tube) is essential because it is difficult to measure it in 

practice, by fixed a thermocouple along the length of the pipe. This method has many problems, for 

example, the accuracy of measurement, methods of installation, and the number of thermocouples used. 

  

Figure 1. Show the energy balance and section for the tube. 

Table 1. shows the experimental data for the surface temperature along the tube, divided into equal 

spaces, measured by the thermocouples type (K) with different flow rates for each experiment. 

Table. 1. The experimental data of temperature. 

X, m Temperature, oC 

0 45.1 45.6 45.5 45.5 45.4 45.5 45.3 45.1 45.2 

0.22 62.1 62.3 60.1 59.5 58.9 56.3 56.2 56.1 55.2 

0.44 65.3 63.6 61.4 61.2 61.2 57.8 57.1 56.5 55.7 

0.66 64.4 62.9 60.2 60.1 60 57.4 56.5 55.7 55.5 

0.88 64.7 63.4 60.7 59.9 59.7 57.9 56.8 55.9 55.8 

1.1 65.6 65.1 62.1 61 60.2 58.8 57 56.6 56.4 

1.32 66.8 66.9 63.4 62.3 61.5 59.7 57.7 57.3 56.7 

1.54 55.3 53.5 52.2 51.3 50.6 50.2 49.9 49.6 49.4 

flow rate, L/min 1 1.5 2 2.5 3 3.5 4 4.5 5 

 

By applying the steady-state energy balance on a slice of the tube (control volume) as shown in 

Figure 1. (Bergman et al., 2006), the rate of heat that gained from the fluid is: 

𝑄𝑖𝑛  − �̇�𝑖𝑛  +  𝑚 ̇ 𝐻𝑖𝑛  −  �̇� 𝐻𝑒  =  0. (1) 

Since, �̇�𝑖𝑛 = 0, (H𝑒 = H𝑖𝑛 + 𝑑H) and 𝑄 𝑖𝑛 = 𝑞̇̇𝑖𝑛  𝑑𝐴𝑠 𝑖𝑛  =  𝑞̇̇  𝑝 𝑑𝑥, then; 

𝑞̇ ̇ 𝑑𝐴𝑠 𝑖𝑛  +   𝑚  ̇ 𝐻𝑖𝑛  −  𝑚 ̇  𝐻𝑖𝑛  −   𝑚 ̇  𝑑𝐻 =  0, 

where 𝑑𝐻 =  𝐶𝑝 ∗ 𝑑𝑇𝑏(𝑥) ,  𝐴𝑠, 𝑖𝑛 = 𝑐𝑖𝑟𝑐𝑢𝑚𝑓𝑒𝑟𝑒𝑛𝑐𝑒 × 𝑙𝑒𝑛𝑔𝑡ℎ = 𝑝𝑑𝑥, then; 

𝑞̇̇𝑖𝑛 𝑝𝑑𝑥 =   �̇� 𝐶𝑝 𝑑𝑇𝑏(𝑥), (2) 
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where 𝑄: heat transfer , �̇�: work done,  𝑚 ̇ : mass flow rate, H: enthalpy, A: area, 𝐶𝑝: specific heat, T: 

temperature, L: length, x: distance, in :inlet, e: exit, s: surface, b: bulk. 

According to Newton's law of cooling: 

𝑄 𝑖𝑛 =  ℎ(𝑥) 𝐴𝑠  [𝑇𝑠 (𝑥) −  𝑇𝑏 (𝑥)]. (3) 

The heat flux will be: 

𝑞̇̇𝑖𝑛  =  ℎ(𝑥) [𝑇𝑠(𝑥) −  𝑇𝑏(𝑥)]. (4) 

Then, the local heat transfer coefficient is: 

ℎ(𝑥) = 𝑞̇̇𝑖𝑛
[𝑇𝑠(𝑥) −  𝑇𝑏(𝑥)], (5) 

ℎ̅ =
1

𝐿
∫ ℎ (𝑥)

𝐿

0

𝑑𝑥, 
(6) 

where: 𝑞̇:̇ heat flux per meter square, ℎ: heat transfer coefficient, ℎ̅: average heat transfer coefficient. 

Furthermore, by spline, we estimate the average surface temperature and calculate the heat transfer coef-

ficient directly: 

𝑞̇̇𝑖𝑛  =  ℎ̅ [𝑇𝐾  −  𝑇𝑏], (7) 

where TK: is the average surface temperature evaluated by interpolated spline method. 

Flow inside passages is the most common application of Fluid Mechanics and heat transfer. The tests 

were carried out under developing the turbulent flow of Reynolds number range (3000-10000) with 

uniform heat flux. The surface temperature varied along the pipe length and increased as the axial dis-

tance increased due to the uniform heat flux effect on the surface. The highest surface temperature ap-

peared at the lowest value of Reynold number. Also, the surface temperature decreased, as the Reynold 

number increased due to the increasing of water velocity, the value in the circular tube is typically above 

2300. This is called (Turbulent Flow) in this case the velocity and temperature continuously fluctuate 

with time. 

3. Particle Swarm Optimization 

Particle swarm optimization (PSO) is one of well-known metaheuristics that is used to solve optimiza-

tion problems. This algorithm is developed to simulate the behaviour of flocks of animals in nature while 

they are moving in synchronous groups. This algorithm is simple and easy to implement by any prog-

ramming language. Figure 2. is the scheme that represents a single particle in a flok of points in space. 

Each particle is assumed to have position and velocity, and they are denoted by 

,)( xtxk   

,)( xtvk   

where k is the index of the particle in the swarm and x is the Search space while t is a discrete-time step 

and it shows the iteration number of the algorithm. The )(txk  is the current location of the particle and 

it has to move to the new position )1( txk . Each particle has its own experience and its own memory 

about the best position where it was, and it is called the personal best of the kth particle and denoted by 
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)(tpk . The particle moves from its position with a velocity in the direction of )(tvk . The particles are 

working together, they are communicating, and interacting with each other and share their personal 

experience so they can learn and know what is the best experience in the party, which is called global 

best and denoted by )(tG . The following quantities can be extracted from  Figure 2. 

The value of the vector connecting the current location and the personal best is: 

).()( txtpp kkx   (8) 

Also, the value of the vector connecting the current location to the global best is: 

).()( txtGg kx   (9) 

The particle has to move the new position; this movement can be expressed as: 

),1()()1(  tvtxtx kkk  (10) 

)).()(())()(()()1( 21 txtGCtxtpCtwvtv kkkkk   (11) 

In equation (11), the vector )1( tvk   is the summation of the three sub-movements 1m , 2m  and 3m  

where they are the movement of the particle along the vectors )(tvk , xp and xg respectively, so we can 

write: 

,)1( 321 mmmtvk   (12) 

where 

),(1 twvm k  (13) 

)),()((112 txtpCpCm kkx   (14) 

)).()((223 txtGCgCm kx   (15) 

 

Figure 2. Schematic diagram representing the mathematical model of PSO. 

Equations (10) and (11) completely describe the mathematical model of PSO. However, these equ-

ations are simple mathematical models behind the standard PSO, and some situations are necessary to 

complete the equations. The standard PSO is as follows  
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),1()()1(  tvtxtx kjkjkj
 (16) 

)),()(())()(()()1( 2211 txtGCrtxtpCrtwvtv kjjkjkjkjkj   (17) 

where 

)1( tvkj :  denote the velocity of particle 𝑘 in time step (𝑡 + 1) of the 𝑗𝑡ℎ component for this velo-

city,  

1r , 2r  : a random number uniformly distributed in the range (0 : 1),  

1C , 2C  : acceleration coefficient,  

)(twv kj : inertia term,  

w : inertia coefficient,  

))()((11 txtpCr kjkj  : cognitive component,  

))()((22 txtGCr kjj  : social component. 

The parameters of the PSO in this study; population size is 50, No. of iteration is 500, and No. of 

independent runs is 30, each run starts with random solution. C1 and C2 are equal to one and inertia term 

is 0.95. Number of variables are eight position vectors and each vector consists of two variables 𝑥, 𝑦 in 

total there are 16 independent variables, these variables represent the interpolated points. For each flow 

rate, there are nine experimental data shown in Table 1. and these data used as  control points. There 

should be eight In between points among the control points that are affecting the final shape of the fitting 

curve and these in between points are the interpolated points that is optimized by the PSO algorithm.  

4.  Interpolated spline curve 

In this section, the efficiency of the knot spline curve is improved by considering interpolated points 

which are represented in the cross symbol in Figure 4.a. The position of the interpolated points is highly 

affecting the final shape of the spline, consequently, the efficiency of the fitting process. The domain 

between adjacent segments is continuous; therefore, an optimization algorithm is proposed to create and 

optimize the interpolated points. Any optimization algorithm can be used for this purpose since all of 

them share similar principles. Particle Swarm Optimization (PSO) (Ghafil and Jármai, 2018) is used for 

the optimization problem where it is responsible for the optimal positions of the interpolated points on 

each successive control point. Figure 4.b. reveals the interpolated spline curve with experimental data 

where it is clear; the developed curve greatly matches the experiments. 

The objective function is described by the following 





n

i

iaip yyf
1

  , (18) 

where f  is the objective function that should be minimized, yp is the y-coordinates on experimental 

data, ya is the y-coordinates on the fitting curve, and i is the index of the experimental data in the set of 

n experiments. Figure 3. shows the representation of the objective function which is described by equ-

ation (18). Also, f is a real positive value represents the objective function value (cost function) and that 

real positive  number is the summation of the absolute distances between each y-axis on fitting curve 

(ypi) and y-axis of the real data or the experiment (yai). 
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Figure 3. Representation of the objective function. 
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b. 

Figure. 4. a. Interpolated spline formulation, b. Interpolated spline curve fitting real data. 

The cubic spline in Figure 4. represents the experimental data on the continuous domain [0, 1.6] 

smoothly and perfectly except for a subdomain [0.23, 0.28]. This is an acceptable error on the method 

that can be overcome by increasing the number of interpolated points developed by the optimization 

algorithm. 

For the other hand, we can consider a single linear piecewise function for the  eight experimental 

data in Table 1., then we have seven segments or say seven domains for the piecewise function. This 

work is trying to replace the linear piecewise function with its 7 domain with a single continuous non-

linear fitting equation with a single domain [0, 1.6]. 

Table 2. shows the statistical results between using spline method and interpolated spline method 

where it is clear the interpolatd spline method has better performance. 

5. Results and discussion 

The results for forced convection turbulent flow conditions and uniform heat flux are exposed, and dis-

cuss the surface temperature from experimental results is analysed to find a correlation for temperature 
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distribution and indicate the reasons behind such results. Experimental and theoretical results are presen-

ted and discussed. The surface temperature varied along the pipe length and increased as the axial dis-

tance increased due to the uniform heat flux effect on the surface, and the surface temperature decreased 

with the increased flow rate of water. As you see in Figure 5. the surface temperature distribution along 

the test section for different Reynold numbers for the distilled water. The highest surface temperature 

appeared at the lowest value of the Reynold number. The validation of the experimental result validity 

in convective heat transfer calculations as well as to provide a reference for comparison. The Gnielinski 

equation calculates the predicted heat transfer coefficient. The experimental behaviour was conformable 

to the predicted values, and we get heat transfer improvement from the spline curve. 

Table. 2. Spline method vs interpolated spline methods using PSO. 

Experimental data Method yf -axis error% 

x-axis y-axis 

0.1 49.74 Interpolated spline 49.61 0.26% 

Spline 55.89 12.3% 

0.3 55.365 Interpolated spline 55.47 0.19% 

Spline 55.9 0.96% 

0.5 55.645 Interpolated spline 55.73 0.15% 

Spline 55.558 0.15% 

1.2 56.53 Interpolated spline 56.8 0.47% 

Spline 56.9 0.65% 

1.4 54.06 Interpolated spline 54.1 0.07% 

Spline 55.401 2.4% 

 

Figure 5. Experimental and theoretical (Gnielinski equation (Gnielinski, 1975)) of Reynold number vs 

heat transfer coefficient. 
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6. Conclusion 

This paper discusses the temperature distribution in the tube and estimates the heat transfer coefficient. 

Then, an interpolated cubic spline curve was developed to fit experimental data and represent them in 

the best possible equation. The interpolated spline was compared with the linear regression method and 

pure knot spline on the same experiments. The proposed interpolated spline overcomes linear regression 

and pure knot spline in fitting the data set. The interpolated spline was used to calculate the average 

surface temperature; after that, we used it to calculate convection heat transfer. Used this method is 

essential and have many applications; for example, in a flat plate collector, we need surface temperature 

and any temperature for the surface we have used; thus we can use randomly thermocouples on the 

surface and then find by spline the temperature of the surface.  
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